
International Journal of Fuzzy Systems, Vol. 8, No. 3, September 2006                                            127 

© 2006 TFSA  
 

 
Using a Distance between Fuzzy Number-Valued Fuzzy Measures to  
Determine Attribute Importance: An Outcome-Oriented Perspective 

 
Ting-Yu Chen 

 
 

Abstract  

The purpose of this paper is to introduce a new 
method for measuring attribute salience in decision 
analysis. Fuzzy measures have been widely used to 
determine the degrees of subjective importance of 
evaluation items. We consider the value of fuzzy 
measures as a linguistic value and then convert 
linguistic terms to fuzzy numbers. The grades of 
attribute importance are correspondingly expressed 
by fuzzy number-valued fuzzy measures. However, 
the leniency error may exist when most attributes are 
assigned unduly high ratings. To reduce positive 
leniency in fuzzy measure ratings, we develop an 
importance-assessing method by comparison of fuzzy 
number-valued fuzzy measures using a fuzzy distance 
measure. An outcome-oriented approach is adopted 
to validate the proposed method. Several 
multiattribute evaluation cases in consumer 
decision-making reality are addressed to examine the 
feasibility and applicability of the current method. 

Keywords: Fuzzy measure, attribute importance, 
positive leniency, fuzzy distance measure. 

 
1. Introduction 

 
A fuzzy measure, introduced by Sugeno [1], is a 

subjective scale for the degrees of fuzziness. Fuzzy 
measures are suitable in analyzing human subjective 
evaluation processes. When fuzzy measures are used to 
real world problems, the candidate sets generally 
correspond to the evaluation items and the values of 
fuzzy measures stand for the grades of importance of 
corresponding evaluation items. Fuzzy measures have 
been so far used to determine the degrees of subjective 
importance of evaluation items in numerous studies [2-9]. 
In this study, we also use fuzzy measures to express and 
deal with human subjective importance of evaluation 
items for multiple attribute decision-making analysis. 
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According to the principle of incompatibility [10], 
people’s ability to make precise and yet significant 
statements about their behavior diminishes as the 
complexity of a decision system increases. As a corollary, 
the data of human subjective judgment are usually fuzzy 
in nature. Fuzzy data can be expressed in linguistic terms 
or in fuzzy numbers [11]. Thus, we consider the value of 
fuzzy measures as a linguistic value and then convert 
linguistic terms to fuzzy numbers. A fuzzy 
number-valued fuzzy measure, proposed by Zhang [12], 
is correspondingly used to identify the grade of 
importance for evaluation attributes. 

Numerous methods can be used to construct 
membership functions that adequately capture the 
meanings of linguistic terms. These methods are almost 
invariably based on people’s judgment. However, a 
critical issue may emerge from the investigation process 
of respondents’ judgment concerning linguistic terms: 
the error of positive leniency [13, 14]. The leniency bias 
is an error commonly found in merit ratings [15]. 
Positive leniency, usually resulting from acquiescence, 
belongs to one type of response bias. Acquiescence bias 
results because some respondents tend to give positive 
connotations to most attribute importance. That is, these 
“yea-sayers” are very agreeable; they accept that all 
statements they are asked about. Using Likert-type 
ratings as an example, some respondents always provide 
high ratings of attribute importance on a scale such as 
“important” or “very important.” Positive leniency in 
attribute importance leads to strong subadditivity of 
fuzzy measures. In addition, the degrees of importance 
for all attributes have no discrimination power in the 
decision making process. Researchers should recognize 
the high likelihood of acquiescence bias when 
conducting an investigation concerning attribute 
importance. 

To control the spurious influence of positive leniency 
response bias, we use a fuzzy distance measure [16] to 
adjust overestimated ratings of attribute importance. The 
alternative approach is concentration or dilation of fuzzy 
measure values; nevertheless, the modified version of 
original fuzzy measure values is difficultly interpreted 
because of indefinite meanings of the exponential 
modifier in human thinking. As a word, we are 
concerned with the problems of vague subjective 
judgment and positive leniency. By taking them into 
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account, a simple importance-assessing method is 
developed using comparison of fuzzy number-valued 
fuzzy measures based on a fuzzy distance measure. 

Finally, we conduct an outcome-oriented approach to 
test the accuracy of our proposed method. The 
outcome-oriented approach is based on the view of the 
decision outcome and its correct prediction [17]. If we 
can correctly predict the outcome of the decision process, 
then we obviously understands the decision process. 
Therefore, we shall show several examples on consumer 
decision- making problems to illustrate the new 
importance-assessing method and compare it with three 
widely used methods, the weighted least square method, 
Saaty’s eigenvector method, and typical fuzzy measures. 

 
2. Fuzzy Number-Valued Fuzzy Measures 

 
Zhang [12, 18, 19] developed the elementary concepts 

and theorems of a fuzzy number-valued fuzzy measure 
and a fuzzy number-valued fuzzy integral on the fuzzy 
set. Continuing his work, Zhang [20] discussed a series 
of structural characteristics for the fuzzy number-valued 
fuzzy measure on the fuzzy σ-algebra. Zhang [21] also 
gave some definitions of the convergence of a sequence 
of fuzzy number-valued fuzzy measurable functions. 

Let X be a nonempty set and F(X)={T; T: X→[0,1]}. 
Let F*(X)⊂F(X) be a fuzzy σ-algebra. Let F* be the set 
of all fuzzy numbers and A∈F*. An α-level interval of 
fuzzy number A is denoted as ],[ +− AA αα . Let 

∗
+F = } ,0 ;{ *FAAA ∈≥ . A fuzzy distance of fuzzy 

numbers A and B is denoted as D(A,B), where D(A,B)= 
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measure) on F*(X) is a fuzzy number-valued fuzzy set 
function µ: F*(X)→ ∗

+F . (X,F*(X),µ) is a fuzzy 
number-valued fuzzy measure space (i.e., a (z)fuzzy 
measure space). Since we apply (z)fuzzy measures to 
characterize attribute salience, the set X is designated a 
discrete and finite set, {x1, x2,L, xn}, throughout this 
paper. 
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The set of all fuzzy measurable functions is denoted by 

*M . In addition, let *
+M  denote the set of all 

non-negative fuzzy measurable functions. 
For T∈F*(X), f∈ *

+M , the fuzzy number-valued fuzzy 
integral (i.e., (z)fuzzy integral) of f on T with respect to 
µ is defined by 
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where ),0[ },)(;{ ∞∈≥= βββ xfxF . 
In this study, we apply (z)fuzzy measures to determine 

the salience of decision attributes. We use linguistic 
terms to collect the data of respondents’ subjective 
judgments concerning attribute importance in the 
investigation stage. The linguistic terms are further 
transformed into fuzzy numbers, so we can subsequently 
construct (z)fuzzy measures to develop an 
importance-assessing method. Moreover, a synthetic 
evaluation can be derived using (z)fuzzy integrals. Next, 
we test the validity of the importance-assessing method 
by comparing the predicted and actual evaluation results. 
What has to be noticed is that our proposed method uses 
a fuzzy distance measure to overcome the problem of 
positive leniency. In the next section, we introduce the 
fuzzy distance measure used in this study. 

 
3. Fuzzy Distance Measure in (z)Fuzzy Measures 

 
Tran and Duckstein [16] introduced an approach for 

ranking fuzzy numbers based on a distance measure. By 
taking into account every point in both intervals, they 
developed a new class of distance measures for interval 
numbers and then used it to form a distance measure for 
fuzzy numbers. In this study, we apply Tran and 
Duckstein’s distance measure for fuzzy numbers to 
adjust overestimated ratings of attribute importance. 

Considering two generalized left right fuzzy numbers 
(GLRFNs) A and B, their α-level intervals are 

],[ +− AA αα  and ],[ +− BB αα  respectively. Let w be a 
weighting function towards the distance between two 
intervals at different α levels. According to Tran and 
Duckstein’s definition, a distance between A and B is as 
follows: 
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Notice that w(α) is a continuous positive function 
defined on [0,1]. When w(α)=1, the distances have equal 
weights at different α levels. When w(α)=α, the 
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distances have more weights at higher α levels. 
Tran and Duckstein [16] gave the equations to 

compute distances for triangular fuzzy numbers with two 
different weighting functions: w(α)=1 and w(α)=α. 
Since triangular fuzzy numbers (TFNs) are the most 
widely-used fuzzy numbers, this study assumes that a 
fuzzy number-valued fuzzy set function µ on (z)fuzzy 
measure space (X,F*(X),µ) is a TFN for simplicity. Given 
two TFNs that A=(a1,a2,a3) and B=(b1,b2,b3). When 
w(α)=1, the distance between A and B is as follows: 
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When w(α)=α, the distance is as follows: 
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In the following, we shall fix the (z)fuzzy measure of 
the most important attribute in order to identify other 
(z)fuzzy measures through distance equations. 

 
4. An Importance-Assessing Method Using 

(z)Fuzzy Measures 
 
This study develops an importance-assessing method 

by comparison of (z)fuzzy measures using a fuzzy 
distance measure. In the light of the positive leniency 
problem of investigation data, we do not ask respondents 
their direct explication on attribute importance, but 
investigate the relative importance instead. That is, 
respondents are asked for performing the psychological 
importance distance of an attribute to the most important 
one. For example, we can apply a comparative rating 
scale to require a respondent to rate attribute salience in 
comparison with the highest degree of importance 
explicitly used as a frame of reference. The longer the 
psychological distance is, the less important the attribute 
becomes. Through a simple approach using fuzzy 
distance measures, the fuzzy number for each attribute 
will be explicated and attribute importance, expressed in 
terms of (z)fuzzy measures, can then be ascertained. 
Before measuring the salience of decision attributes, we 
develop an approach for identifying fuzzy numbers using 
Tran and Duckstein’s distance measures. 

If attribute salience is interpreted as a linguistic 
variable, then its term set T represents the scale position 
marked by respondents. T is a mapping from X to [0,1] 
(i.e., T: X→[0,1]), where X is a nonempty attribute set 
and X={x1, x2,L, xn}. Note that T(xi) for a single element 
xi is denoted by Ti. The (z)fuzzy measure of the most 
important attribute, xk, is denoted by µ(Tk) and µ(Ti)'s are 
the (z)fuzzy measures of other less salient attributes, 
where i≠k. The determination of the number of 
conversion scales generally depends on the nature of 
attributes used in a decision problem. We suggest that 
there can be even number of categories to handling 
errors of central tendency [13]. Since we hope to prevent 
overabounding neutral or indifferent responses, a rating 
scale with even number of categories will be used. In 
this study, we conduct a reasonable expression of 
attribute importance by TFNs as shown in Fig. 1. The 
verbal term set used in 6-scale is {very unimportant, 
unimportant, fairly unimportant, fairly important, 
important, very important}. Each of the basic linguistic 
terms is assigned one of six TFNs by a semantic rule 
[11]. 
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Figure 1. Six linguistic terms and their corresponding fuzzy numbers. 

 
Assume that µ(Tk)=(ak1, ak2, ak3) and µ(Ti)=(ai1, ai2, 

ai3), where 
jka ,

jia ∈[0,1] for j=1,2,3. From Fig. 1, we 

know that the general relationship of ai1, ai2, and ai3, 
except for in the cases of {very unimportant, very 
important}, is as follows: 
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Let w(τ) be a weighting function towards the distance 
between µ(Ti) and µ(Tk) at different τ levels, where 
τ∈[0,1]. When w(τ)=1, applying (4) we have: 
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When w(τ)=τ, applying (5) we have: 
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Given ak1, ak2, ak3, and DTFN, we can derive the ai3 
value by (7) or (8) when w(τ) equals 1 or τ respectively. 
The above approach supposes that the fuzzy numbers of 
all decision attributes have the same spread for 
convenience. Even though the identification result does 
not conform to any typical membership function of 
fuzzy numbers in Fig. 1, it still has the same spread, 0.4. 
Note that the solution of ai3 has to be smaller than ak3 
because the grade of importance, (ak1, ak2, ak3), is highest. 
The above approach has its exceptions in the cases of 
ai3<0.4. To obtain a meaningful fuzzy number, aij must 
not be smaller than zero for j=1,2,3. Thus, (6) is updated 
as follows: 
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We use the above-mentioned approach to characterize 
the grade of importance associating with each decision 
attribute, exclusive of the most important one. A simple 
and intuitively reasonable algorithm for modeling 
attribute salience is developed and the algorithm given 
here is suitable for a single decision maker (i.e., DM). 
The importance-assessing method given here is chiefly 
concerned with an individual’s judgment on the relative 
value of attributes. Therefore, an outcome-oriented 
approach is necessary to advance the estimation 
accuracy so as to obtain a more elegant method. Since 
the outcome-oriented approach needs to predict the 
result of the decision process, the decision matrix must 
be a part of input. The detailed implementation 
procedure is as follows: 

 
IMPORTANCE-ASSESSING ALGORITHM TO A SINGLE DM 
Step 0: Input data through questionnaire survey 

Set the number of linguistic terms used is 6. 
Investigate the DM’s subjective judgment on the 
most important attribute xk and its corresponding 

linguistic term Tk, relative importance distance of 
other attributes to xk, the evaluation value of the 
alternative on each attribute, and the preference 
priority toward all alternatives. 
Initialize the total number of iterations, Jmax, as 
desired. 

Step 1: Initialize the value of w(τ) 
Set the value of the weighting function in distance 
measures (0≤w(τ)≤1). 
Set the iteration counter: J=1. 

Step 2: While the stopping condition is false, do Steps 
3-10. 

Step 3: Convert the linguistic term Tk of xk to a TFN 
According to the pre-designated scale, convert the 
linguistic term Tk possessed by xk into its 
corresponding fuzzy number, µ(Tk). 

Step 4: Normalize the relative importance 
Use linear scale transformation to normalize the 
importance distance between xk and other 
attributes in [0,1]. An equally important attribute 
to xk implies the normalized distance DTFN=0; 
while a least important attribute to xk implies the 
normalized distance DTFN=1. 

Step 5: Derive the fuzzy numbers by DTFN 
According to the normalized distance DTFN and 
µ(Tk), identify the fuzzy number, µ(Ti)'s, of other 
attributes. For example, apply (7) and (9) when 
w(τ)=1 or apply (8) and (9) when w(τ)=τ. 

Step 6: Obtain attribute importance expressed by 
(z)fuzzy measures 

Construct the grades of importance for all 
decision attributes on (z)fuzzy measure space, 
(X,F*(X),µ). That is, )( 1Tµ , )( 2Tµ ,L, and 

)( nTµ , respectively, represent the DM’s 
subjective importance on attributes x1, x2,L, and 
xn. 

Step 7: Calculate (z)fuzzy integrals for all alternatives 
Compute (z)fuzzy integrals for all of the 
alternatives using f and µ, as defined in (1). Here, 
the (z)fuzzy integral represents the synthetic 
evaluation of each alternative. 

Step 8: Establish a priority of alternatives 
Rank all of the alternatives according the values 
of (z)fuzzy integrals. 

Step 9: Update the iteration counter 
Let 1)()( += oldnew JJ . 

Step 10: Test for the stopping condition 
Compare the estimated and actual priorities 
toward all alternatives. If the estimated priority 
coincides with the DM’s preference ranking or if 
J>Jmax, then stop; otherwise, reset the value of w(τ) 
and continue. 
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In addition, we can use Spearman rank correlation 
coefficient or other appropriate statistical measurements 
to redefine the stopping condition. On the other hand, if 
the DM’s subjective judgment on all alternatives in Step 
0 replaces ordinal preference information with cardinal 
preference, more precise indices, such as average error 
sum and average error sum of squares, can be utilized as 
a stopping condition. 

The following example regarding hotel selection helps 
clarify the preceding method. The attributes a consumer 
uses to discriminate among the benefits offered by 
alternative hotels in his consideration set are room 
appearance, room cleanliness, friendliness of staff, and 
service promptness. Room cleanliness is most important 
among four attributes, and its linguistic term is “very 
important” with the corresponding fuzzy number (0.8, 1, 
1). Table 1 lists the normalized distance between 
cleanliness and other attributes. By the 
importance-assessing algorithm, the (z)fuzzy measures 
of each attribute when w(τ)=1 and w(τ)=τ are shown in 
Table 1. 

 
Table 1. (z)Fuzzy measures in the illustrative example. 

(z)Fuzzy measure 
Attribute 

Normalized 
distance w(τ)=1 w(τ)=τ 

Room appearance 0.25 (0.43, 0.63, 0.83) (0.40, 0.60, 0.80)
Room cleanliness 0.00 (0.80, 1.00, 1.00) (0.80, 1.00, 1.00)
Friendliness of staff 0.56 (0.25, 0.45, 0.65) (0.20, 0.40, 0.60)
Service promptness 0.78 (0.15, 0.35, 0.55) (0.10, 0.30, 0.50)

 
Furthermore, we assume that the values of (z)fuzzy 

measures satisfy the finite λ-rule. That is, the L function 
values of four attributes at each α level are λ-fuzzy 
measures, and so are the R function values. The λ-fuzzy 
measure is constrained by a parameter λ, which 
describes the degree of additivity between attribute 
importance. To illustrate the λ-value at different α levels, 
all relevant α-cuts of each attribute and the 
corresponding λ-values are revealed in Tables 2 and 3. 

 
Table 2. α-cuts and λ-values associated with (z)fuzzy 
measures in the illustrative example (w(τ)=1). 

(z)fuzzy measure value  λ-value α  
level Attribute Left side Right side  Left side Right side

Room appearance 0.43 0.83 
Room cleanliness 0.80 1.00 
Friendliness of staff 0.25 0.65 

0.0 

Service promptness 0.15 0.55 

-0.8711 -0.9696

Room appearance 0.47 0.79 
Room cleanliness 0.84 1.00 
Friendliness of staff 0.29 0.61 

0.2 

Service promptness 0.19 0.51 

-0.9233 -0.9999

Room appearance 0.51 0.75 
Room cleanliness 0.88 1.00 
Friendliness of staff 0.33 0.57 

0.4 

Service promptness 0.23 0.47 

-0.9568 -0.9999

Room appearance 0.55 0.71 0.6 
Room cleanliness 0.92 1.00 

-0.9783 -0.9999

Friendliness of staff 0.37 0.53 
Service promptness 0.27 0.43 
Room appearance 0.59 0.67 
Room cleanliness 0.96 1.00 
Friendliness of staff 0.41 0.49 

0.8

Service promptness 0.31 0.39 

-0.9918 -0.9999

Room appearance 0.63 0.63 
Room cleanliness 1.00 1.00 
Friendliness of staff 0.45 0.45 

1.0

Service promptness 0.35 0.35 

-0.9999 -0.9999

 
Table 3. α-cuts and λ-values associated with (z)fuzzy 
measures in the illustrative example (w(τ)=τ). 

(z)fuzzy measure value  λ-value α 
level Attribute Left side Right side  Left side Right side

Room appearance 0.40 0.80 
Room cleanliness 0.80 1.00 
Friendliness of staff 0.20 0.60 

0.0

Service promptness 0.10 0.50 

-0.8261 -0.9999

Room appearance 0.44 0.76 
Room cleanliness 0.84 1.00 
Friendliness of staff 0.24 0.56 

0.2

Service promptness 0.14 0.46 

-0.8981 -0.9999

Room appearance 0.48 0.72 
Room cleanliness 0.88 1.00 
Friendliness of staff 0.28 0.52 

0.4

Service promptness 0.18 0.42 

-0.9431 -0.9999

Room appearance 0.52 0.68 
Room cleanliness 0.92 1.00 
Friendliness of staff 0.32 0.48 

0.6

Service promptness 0.22 0.38 

-0.9715 -0.9999

Room appearance 0.56 0.64 
Room cleanliness 0.96 1.00 
Friendliness of staff 0.36 0.44 

0.8

Service promptness 0.26 0.34 

-0.9893 -0.9999

Room appearance 0.60 0.60 
Room cleanliness 1.00 1.00 
Friendliness of staff 0.40 0.40 

1.0

Service promptness 0.30 0.30 

-0.9999 -0.9999

 
Since the outcome-oriented approach will be used to 

examine the proposed method, we suppose that DMs 
apply a compensatory decision rule and then calculate 
(z)fuzzy integrals as overall evaluations. Let Ej be the 
overall rating of the j-th alternative, fj(xi) be the 
evaluation of the j-th alternative on evaluative attribute xi, 
µ(Ti) be the importance or weight attached to evaluative 
attribute xi, and n be the number of evaluative attributes 
considered relevant. For β∈R, let jFβ = })(;{ β≥xfx j . 

A fuzzy measurable function fj: X→R satisfies that 
jFβ

χ ∈F*(X) and 
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The compensatory decision rule states that the 
alternative that rates highest on the sum of the DM’s 
judgments of the relevant evaluative attributes will be 
chosen. This can be illustrated as: 
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where ),0[ ∞∈β . 
Since attribute set X(={x1, x2,L, xn}) is discrete and 

finite, (10) can be further rewritten as follows:  
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where fj(xi) is monotonically decreasing with respect to i. 
If the inequality fj(x1)≥ fj(x2)≥L≥fj(xn) does not hold 
initially, the elements in X must be renumbered. Since 
using the Choquet integral can obtain more reasonable 
results than using the fuzzy integral in many cases [22], 
we apply the Choquet integral throughout the calculation 
of (z)fuzzy integrals.  

In the illustrative example, suppose that there are three 
alternatives: Hotels A, B, and C. The comparable 
numerical decision matrix for the hotel selection 
problem is shown in Table 4. In applying the Choquet 
integral, the results of (z)fuzzy integrals when w(τ)=1 
and w(τ)=τ are presented in Fig.s 2 and 3, respectively. 
In addition, Tables 5 and 6 lists the detailed (z)fuzzy 
integral values. If the consumer indicates that his 
preference priority is Hotel BfHotel AfHotel C, the 
(z)fuzzy measures in Table 1 can approximate grades of 
attribute importance in this hotel selection problem. 
 
Table 4. A hotel selection problem in the illustrative example. 

Alternative Attribute Hotel A Hotel B Hotel C
Room appearance 0.46 0.73 0.54 
Room cleanliness 0.67 0.82 0.30 
Friendliness of staff 0.79 0.55 0.62 
Service promptness 0.88 0.35 0.42 
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Figure 2. (z)Fuzzy integrals of three alternative hotels in the 
illustrative example (w(τ)=1). 
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Figure 3. (z)Fuzzy integrals of three alternative hotels in the 
illustrative example (w(τ)=τ). 

 
Table 5. The values of (z)fuzzy integrals in the illustrative example (w(τ)=1). 

Hotel A Hotel B  Hotel C α 
level Left side Right side Left side Right side  Left side Right side
0.0 0.7090 0.8206 0.7850 0.8200  0.4695 0.5816 
0.2 0.7252 0.8130 0.7923 0.8200  0.4848 0.5742 
0.4 0.7402 0.8050 0.7996 0.8200  0.4990 0.5659 
0.6 0.7540 0.7966 0.8067 0.8200  0.5122 0.5567 
0.8 0.7667 0.7878 0.8136 0.8200  0.5244 0.5467 
1.0 0.7786 0.7786 0.8200 0.8200  0.5357 0.5357 

 
Table 6. The values of (z)fuzzy integrals in the illustrative example (w(τ)=τ). 

Hotel A Hotel B  Hotel C α 
level Left side Right side Left side Right side  Left side Right side
0.0 0.6912 0.8110 0.7866 0.8200  0.4508 0.5736 
0.2 0.7090 0.8029 0.7930 0.8200  0.4676 0.5653 
0.4 0.7252 0.7944 0.7998 0.8200  0.4831 0.5561 
0.6 0.7401 0.7855 0.8068 0.8200  0.4974 0.5461 
0.8 0.7539 0.7762 0.8135 0.8200  0.5107 0.5350 
1.0 0.7666 0.7666 0.8200 0.8200  0.5230 0.5230 

 
In the following, several multiattribute evaluation 

cases in consumer decision-making reality will be 
addressed to examine the feasibility and applicability of 
our importance-assessing method. 

 
5. A Comparative Study on Consumer Choice Problems 
 

An outcome-oriented approach is taken to verify the 
correct prediction. Namely, to demonstrate the effects of 
(z)fuzzy measures on identifying attribute salience, we 
compare the determination results of the current method 
with typical fuzzy measures [1], Saaty’s eigenvector 
method [23], and the weighted least square method [24]. 
The main input data for typical fuzzy measures are 
linguistic values about importance of each attribute. As 
for the eigenvector method, the DM is supposed to judge 
the relative importance of two attributes, and thus the 
scaling ratios in the pair wise comparison matrix are the 
main input data. The weighted least square method is 
also applied to Saaty’s comparison matrix. 

The flowchart of the procedure to test the relative 
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accuracy of the proposed method to other approaches is 
presented in Fig. 4. Here, we merely adopt the 
unadjusted (z)fuzzy measures (when w(τ)=1 or w(τ)=τ) 
to draw a comparison; that is, the testing procedure 
includes only Steps 3-6 of our proposed 
importance-assessing algorithm. Moreover, the values of 
(z)fuzzy measures and typical fuzzy measures are 
supposed to satisfy the finite λ-rule. Note that the testing 
procedure is appropriate for multiple DMs since we 
intend comparing the whole performance of importance 
approximation. 
 

No

Yes

Initialization (w(τ)=1 or τ)

Is there any other
respondent else?

Calculation of performance indices
(I1-I5) for outcome prediction

Stop

Specification of the fuzzy number
for the most important attribute

Normalization of the relative
importance distance

Identification of fuzzy numbers
for other attributes

Obtainment of (z)fuzzy measures

Computation of the (z)fuzzy
integral for each alternative

Estimation of alternative priority

Comparison with typical fuzzy
measures, Saaty's eigenvector method,

and weighted least square method

List the best method

Start

Input data

 
Figure 4. Flowchart of the testing procedure. 

There are five kinds of performance indices for 
outcome prediction comparison, including total order 
index (I1), partial order index (I2), average rank 
correlation coefficient (I3), average residual sum (I4), and 
average error sum of squares (I5). The first third indices 
are developed for the ordinal preferences of alternatives 
given. The last two indices treat cardinal preferences of 
alternatives. 

The total order index measures the level of 

concordance of the complete preference order, whereas 
the partial order index measures the concordance level of 
the partial order between alternatives. Let m be the 
number of alternatives and Q be the number of 
respondents (i.e., sample size). I1 is defined as the ratio 
of the number of concordance total order to Q. Let qI 2  
be the partial order index for the q-th respondent, and 

qI 2  is defined as the ratio of the number of concordance 
partial order to mC2 (=m(m-1)/2). I2 is then given by 

QI qQ
q 21=∑ . 

Let q
jp  denote the overall rank of the j-th alternative 

judged by the q-th respondent and q
jp̂  denote the 

estimated one. The definition of Spearman rank 
correlation coefficient with regard to the q-th respondent 
is as follows: 

( )
)1(

ˆ6
1 2

1

2

3 −

−⋅
−=

∑
=

mm

pp
I

m

j

q
j

q
j

q                    (12) 

When the estimated rank of alternatives is the same as 
the actual rank, all the differences ( q

jp - q
jp̂ )’s will be 

equal to zero, and qI3  will be equal to +1. When the 

estimated rank is the reverse of the other, 13 −=qI . 
Then, average rank correlation coefficient I3 is derived 
by QI qQ

q 31=∑ . 

Let q
jE  be the overall rating of the j-th alternative 

judged by the q-th respondent and q
jÊ  denote the 

estimated one (i.e., (z)fuzzy integral value). For the q-th 
respondent, the average residual sum between q

jE  and 
q
jÊ  is defined by qI 4 = mEE q

j
q
j

m
j |ˆ|1 −∑ = . In 

addition, I4 is obtained by QI qQ
q 41=∑ . Similarly, the 

average error sum of squares in regard to the q-th 
respondent is defined by qI5 = mEE q

j
q
j

m
j

2
1 )ˆ( −∑ = . 

Then, we have I5= QI qQ
q 51=∑ . 

The empirical study intends to inquire into consumer 
choice problems to examine the estimation results of 
different importance-assessing methods. Three kinds of 
consumer goods regularly used by Taiwanese college 
students were selected from the 2005 E-ICP (Eastern 
integrated consumer profile) database (http://www.eicp. 
com.tw/): convenience goods, electronic goods, and 
health foods. The product with the highest buying 
frequency was then chosen from the selected kind of 
goods. Three product categories are taken as empirical 
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cases, including pudding in convenience goods, CD 
burner in electronic goods, and health tea in health foods. 
We investigated those who have consumption experience 
with three designated product categories. For each 
product category, we conducted a face-to-face interview 
on experienced college students in Taoyuan County 
about the data items listed in Step 0 of the proposed 
algorithm. The sample sizes of three product categories 
were designated as 40, respectively. 

Table 7 summarizes the major results of performance 
indices using four importance-assessing methods. The 
detailed results are listed at http://ba.cgu.edu.tw/tychen/ 
Empirical_Results.htm. In view of the total order index 
(I1), our proposed method performs better than other 
methods in pudding and CD burner categories; while the 
weighted least square method performs best in the health 
tea category. In regard to the partial order index (I2), the 
accuracy level of our proposed method is highest in CD 
burner and health tea categories. In addition, the superior 
methods are (z)FM and FM in the pudding category. 
Concerning average rank correlation coefficient (I3), the 
best methods are (z)FM and FM in the pudding category, 
(z)FM in the CD burner category, and WLS in the health 
tea category. Our method performs well both in the 
average residual sum (I4) and average error sum of 
squares (I5). We can be fairly certain that the proposed 
importance-assessing method is more practical for 
consumer choice problems. The empirical results support 
the validity of using a distance between (z)fuzzy 
measures to determine attribute importance. 

 
Table 7. Empirical results of performance indices using four methods. 

(z)FM1 Product 
category 

Performance 
index w(τ)=1 w(τ)=τ 

FM2 AHP3 WLS4

I1 0.9743 0.9487 0.9487 0.8717 0.8717
I2 0.9332 0.9332 0.9332 0.9167 0.9167
I3 0.9167 0.8654 0.9167 0.8910 0.8910
I4 0.0296 0.0301 0.0315 0.0318 0.0323

Pudding 

I5 0.0074 0.0073 0.0083 0.0092 0.0092
I1 0.8461 0.8205 0.7948 0.6923 0.6923
I2 0.8672 0.8587 0.8631 0.7736 0.8077
I3 0.7372 0.7244 0.6538 0.5513 0.6282
I4 0.0380 0.0377 0.0419 0.0410 0.0412

CD 
burner 

I5 0.0029 0.0029 0.0033 0.0031 0.0110
I1 0.7750 0.7750 0.7750 0.7750 0.8250
I2 0.9168 0.9125 0.9043 0.8960 0.9128
I3 0.8313 0.8250 0.7688 0.8188 0.8688
I4 0.0322 0.0330 0.0362 0.0350 0.0345

Health 
tea 

I5 0.0023 0.0026 0.0032 0.0026 0.0025
1 (z)FM represents the importance-assessing method with (z)fuzzy measures. 
2 FM represents the importance-assessing method with typical fuzzy measures. 
3 AHP represents the eigenvector method. 
4 WLS represents the weighted least square method. 

 
The observation of λ-value changes between (z)fuzzy 

measures and typical fuzzy measures will be 
implemented and evaluated as a method for eliminating 
errors of positive leniency in rating systems. At different 
α levels, if the λ-value of (z)fuzzy measures is larger 

than one of typical fuzzy measures, the bias of positive 
leniency has been reduced and the comparison result is 
checked “+”. When there is no change in λ-values, we 
check the result with “O”. Comparing with the original 
λ-value of typical fuzzy measures, a decreasing λ-value 
(checked “−”) represents a turning for the worse in 
leniency errors. The comparison results in λ-values are 
presented in Tables 8 and 9. As sketched here, most of 
positive leniency errors can be improved, especially in 
the L function values. In regard of the R function values, 
positive leniency gradually declines in the high α levels. 
We can reasonably conclude that the usage of a distance 
between (z)fuzzy measures can eliminate the positive 
leniency effect in importance ratings without loss of 
estimation validity. 

 
Table 8. Improvement results of errors of positive leniency (w(τ)=1). 

Left side  Right side Product 
category α level + O −  + O − 

0.0 401 (1002) 0 (0.0) 0 (0.0)  0 (0.0) 26 (65.0) 14 (35.0)
0.2 40 (100) 0 (0.0) 0 (0.0)  0 (0.0) 26 (65.0) 14 (35.0)
0.4 40 (100) 0 (0.0) 0 (0.0)  5 (12.5) 27 (67.5) 8 (20.0)
0.6 40 (100) 0 (0.0) 0 (0.0)  10 (25.0) 26 (65.0) 4 (10.0)
0.8 40 (100) 0 (0.0) 0 (0.0)  12 (30.0) 26 (65.0) 2 (5.0)

Pudding 

1.0 14 (35.0) 26 (65.0) 0 (0.0)  14 (35.0) 26 (65.0) 0 (0.0)
0.0 40 (100) 0 (0.0) 0 (0.0)  1 (2.5) 22 (55.0) 17 (42.5)
0.2 40 (100) 0 (0.0) 0 (0.0)  4 (10.0) 22 (55.0) 14 (35.0)
0.4 40 (100) 0 (0.0) 0 (0.0)  7 (17.5) 22 (55.0) 11 (27.5)
0.6 40 (100) 0 (0.0) 0 (0.0)  13 (32.5) 22 (55.0) 5 (12.5)
0.8 40 (100) 0 (0.0) 0 (0.0)  16 (40.0) 22 (55.0) 2 (5.0)

CD burner

1.0 18 (45.0) 22 (55.0) 0 (0.0)  18 (45.0) 22 (55.0) 0 (0.0)
0.0 40 (100) 0 (0.0) 0 (0.0)  1 (2.5) 13 (32.5) 16 (40.0)
0.2 40 (100) 0 (0.0) 0 (0.0)  1 (2.5) 13 (32.5) 16 (40.0)
0.4 40 (100) 0 (0.0) 0 (0.0)  7 (17.5) 13 (32.5) 10 (25.0)
0.6 40 (100) 0 (0.0) 0 (0.0)  11 (27.5) 23 (57.5) 6 (15.0)
0.8 40 (100) 0 (0.0) 0 (0.0)  16 (40.0) 13 (32.5) 1 (2.5)

Health tea

1.0 17 (42.5) 23 (57.5) 0 (0.0)  17 (42.5) 23 (57.5) 0 (0.0)
1 Frequency 
2 Percent of Respondents 

 
Table 9. Improvement results of errors of positive leniency (w(τ)=τ). 

Left side  Right side Product 
category α level + O −  + O − 

0.0 401 (1002) 0 (0.0) 0 (0.0)  0 (0.0) 26 (65.0) 14 (35.0)
0.2 40 (100) 0 (0.0) 0 (0.0) 3 (7.5) 26 (65.0) 7 (17.5)
0.4 40 (100) 0 (0.0) 0 (0.0) 6 (7.5) 26 (65.0) 8 (20.0)
0.6 40 (100) 0 (0.0) 0 (0.0) 10 (25.0) 26 (65.0) 4 (10.0)
0.8 40 (100) 0 (0.0) 0 (0.0) 13 (32.5) 26 (65.0) 1 (2.5)

Pudding 

1.0 14 (35.0) 26 (65.0) 0 (0.0) 14 (35.0) 26 (65.0) 0 (0.0)
0.0 40 (100) 0 (0.0) 0 (0.0) 2 (5.0) 13 (32.5) 15 (37.5)
0.2 40 (100) 0 (0.0) 0 (0.0) 5 (12.5) 23 (57.5) 12 (30.0)
0.4 40 (100) 0 (0.0) 0 (0.0)  9 (22.5) 23 (57.5) 8 (20.0)
0.6 40 (100) 0 (0.0) 0 (0.0)  14 (35.0) 23 (57.5) 3 (7.5)
0.8 40 (100) 0 (0.0) 0 (0.0)  17 (42.5) 23 (57.5) 2 (5.0)

CD burner

1.0 17 (42.5) 23 (57.5) 0 (0.0)  17 (42.5) 23 (57.5) 0 (0.0)
0.0 40 (100) 0 (0.0) 0 (0.0)  1 (2.5) 23 (57.5) 16 (40.0)
0.2 40 (100) 0 (0.0) 0 (0.0)  2 (5.0) 23 (57.5) 15 (37.5)
0.4 40 (100) 0 (0.0) 0 (0.0)  9 (22.5) 13 (32.5) 8 (20.0)
0.6 40 (100) 0 (0.0) 0 (0.0)  15 (37.5) 23 (57.5) 2 (5.0)
0.8 40 (100) 0 (0.0) 0 (0.0)  17 (42.5) 23 (57.5) 0 (0.0)

Health tea

1.0 17 (42.5) 23 (57.5) 0 (0.0)  17 (42.5) 23 (57.5) 0 (0.0)
1 Frequency 
2 Percent of Respondents 
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Another area of applications is during the phase of 
gathering the data for a multiattribute decision-making 
problem, given a limited budget. The data collection 
procedure of the eigenvector method or weighted least 
square method typically requires the respondent to 
compare all possible pairs of the attributes. If there are n 
attributes to be evaluated, there will be n(n-1)/2 paired 
comparisons required in the judgment task. The 
geometric expansion in the number of paired 
comparisons limits the usefulness of the eigenvector 
method and weighted least square method for the 
evaluation of large attribute sets. On the contrary, the 
data requirement of (z)fuzzy measures equals n only. 
Our proposed method can significantly reduce the data 
requirement in assessing grades of importance, and 
markedly enhance the applicability of fuzzy measures in 
actual practice. 
 

6. Conclusions 
 

Based on the distance between (z)fuzzy measures, we 
developed a new importance-assessing method to 
determine the salience of decision attributes. From an 
outcome-oriented point of view, several empirical 
consumer decision-making problems were addressed to 
examine the applicability of the current method in 
contrast to several popular methods for assessing 
attribute importance. There are two comparison 
approaches for evaluating the performance of 
importance-assessing methods, including indices by 
priority prediction (I1, I2, and I3) and indices by overall 
rating prediction (I4, and I5). The comparison results 
show that the proposed method makes a relatively 
correct prediction of decision outcomes than several 
existing importance-assessing approaches. Furthermore, 
our method deals with the matter of positive leniency 
and helps overcome the problem of the indiscriminative 
weights. Meanwhile, for each numerical case, there are 
only n input data required by our proposed method, and 
this can reduce the difficulty of data collection in 
practice. 

The stopping condition in the importance-assessing 
algorithm is worth a mention in passing. When the 
stopping condition holds only in the case of J>Jmax, we 
cannot approximate grades of attribute importance. Since 
total order coincidence is a strict requirement, we can 
weaken the original stopping condition and turn to 
partial order coincidence. That is, the stopping condition 
is redefined by an acceptable ratio concerning partial 
order index or a threshold value for Spearman rank 
correlation coefficient. When the overall evaluation 
towards alternatives is expressed by cardinal preference, 
a designated value regarding average residual sum or 
average error sum of squares can be also considered as a 

stopping condition. Other feasible approaches to 
improve the preceding problem are applying other types 
of fuzzy numbers (e.g., trapezoidal fuzzy numbers) or 
trying different patterns in fuzzy integral computation. 
 

7. References 
 
[1] M. Sugeno, Theory of Fuzzy Integrals and its 

Applications, Ph.D. Dissertation. Tokyo Institute of 
Technology, 1974. 

[2] K. Ishii and M. Sugeno, “A model of human 
evaluation process using fuzzy measure,” 
International Journal of Man-Machine Studies, vol. 
22, pp. 19-38, 1985. 

[3] T. Onisawa, M. Sugeno, M. Y. Nishiwaki, H. 
Kawai, and Y. Harima, “Fuzzy measure analysis of 
public attitude towards the use of nuclear energy,” 
Fuzzy Sets and Systems, vol. 20, pp. 259-289, 1986. 

[4] T. Murofushi and M. Sugeno, “An interpretation of 
fuzzy measures and the Choquet integral as an 
integral with respect to a fuzzy measure,” Fuzzy 
Sets and Systems, vol. 29, pp. 201-227, 1989. 

[5] M. Grabisch, “The application of fuzzy integrals in 
multicriteria decision making,” European Journal 
of Operational Research, vol.89, pp. 445-456, 
1995. 

[6] F. Reche and A. Salmeron, “Operational approach 
to general fuzzy measures,” International Journal 
of Uncertainty, Fuzziness and Knowledge-Based 
Systems, vol. 8, no. 3, pp. 369-382, 2000. 

[7] Y. Chen and G. Tzeng, “Using fuzzy integral for 
evaluating subjectively perceived travel costs in a 
traffic assignment model,” European Journal of 
Operational Research, vol. 130, pp. 653-664, 2001. 

[8] T.-Y. Chen, H.-L. Chang, and G.-H. Tzeng, “Using 
fuzzy measures and habitual domains to analyze 
the public attitude and apply on the gas taxi 
policy,” European Journal of Operational 
Research, vol. 137, no. 1, pp. 145-161, 2002. 

[9] D. Y. Shee, G.-H. Tzeng, and T.-I. Tang, “AHP, 
fuzzy measure and fuzzy integral approaches for 
the appraisal of information service providers in 
Taiwan,” Journal of Global Information 
Technology Management, vol. 6, no. 1, pp. 8-30, 
2003. 

[10] L. A. Zadeh, “Outline of a new approach to the 
analysis of complex systems and decision 
processes,” IEEE Transactions on Systems, Man, 
and Cybernetics, vol. 3, no. 1, pp. 28-44, 1973. 

[11] S. J. Chen and C. L. Hwang, Fuzzy Multiple 
Attribute Decision Making--Methods and 
Applications, Berlin/ Heidelberg/ New York: 
Springer-Verlag, 1992. 

[12] G.-Q. Zhang, “On fuzzy number-valued fuzzy 



 International Journal of Fuzzy Systems, Vol. 8, No. 3, September 2006 136

 

measures defined by fuzzy number-valued fuzzy 
integrals I,” Fuzzy Sets and Systems, vol. 45, pp. 
227-237, 1992. 

[13] J. P. Guilford, Psychometric Methods, New York: 
McGraw-Hill, 1954. 

[14] A. S. Glickman, “Effects of negatively skewed 
ratings on motivations of the rated,” Personnel 
Psychology, vol. 8, pp. 39-47, 1955. 

[15] B. M. Bass, “Reducing leniency in merit ratings,” 
Personnel Psychology, vol. 9, pp. 359-369, 1956. 

[16] L. Tran and L. Duckstein, “Comparison of fuzzy 
numbers using a fuzzy distance measure,” Fuzzy 
Sets and Systems, vol. 130, pp. 331-341, 2002. 

[17] M. Zeleny, Multiple Criteria Decision Making, 
New York: McGraw-Hill, 1982. 

[18] G.-Q. Zhang, “On fuzzy number-valued fuzzy 
measures defined by fuzzy number-valued fuzzy 
integrals II,” Fuzzy Sets and Systems, vol. 48, pp. 
257-265, 1992. 

[19] G.-Q. Zhang, “Fuzzy number-valued fuzzy measure 
and fuzzy number-valued fuzzy integral on the 
fuzzy set,” Fuzzy Sets and Systems, vol. 49, pp. 
357-376, 1992. 

[20] G.-Q. Zhang, “The structural characteristics of the 
fuzzy number-valued fuzzy measure on the fuzzy 
σ-algebra and their applications,” Fuzzy Sets and 
Systems, vol. 52, pp. 69-81, 1992. 

[21] G.-Q. Zhang, “Convergence of a sequence of fuzzy 
number-valued fuzzy measurable functions on the 
fuzzy number-valued fuzzy measure space,” Fuzzy 
Sets and Systems, vol. 57, pp. 75-84, 1993. 

[22] J. Wang and Z. Wang, “Using neural networks to 
determine Sugeno measures by statistics,” Neural 
Networks, vol. 10, no. 1, pp. 183-195, 1997. 

[23] T. L. Saaty, “A scaling method for priorities in 
hierarchical structures,” Journal of Mathematical 
Psychology, vol. 15, no. 3, pp. 234-281, 1977. 

[24] A. T. W. Chu, R. E. Kalaba, and K. Spingarn, “A 
comparison of two methods for determining the 
weights of belonging to fuzzy sets,” Journal of 
Optimization Theory and Applications, vol. 27, no. 
4, pp. 531-538, 1979. 

 
Ting-Yu Chen is currently an Associate 
Professor of the Department of Business 
Administration at Chang Gung 
University in Taiwan. She received her 
B.S. degree in Transportation 
Engineering and Management, M.S. 
degree in Civil Engineering, and Ph.D. 
degree in Traffic and Transportation 
from National Chiao Tung University in 

Taiwan. Her current research interests include multiple criteria 
decision making, fuzzy set theory, and consumer decision 
analysis. She has published over 100 papers in peer-reviewed 

journals and conference proceedings. She has received several 
awards, including the Distinguished Research Award from the 
Chinese Institute of Transportation, the Outstanding Faculty 
Award of Academic Research from Chang Gung University, 
and the Distinguished Research Award from the Chinese 
Management Association. Her contributions are evidenced by 
her winning the Distinguished Young Scholar Award from 
Academia Sinica. 
 
 
 
 
 


